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Summary

* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

�On September 14, 2015 at 09:50:45 UTC the two detectors of the Laser Interferometer
Gravitational-Wave Observatory simultaneously observed a transient gravitational-wave
signal� such is the beginning of the �rst paper in Gravitational Wave (GW) astronomy
ever, issued on 12 February 2016 [4], exactly a hundred years after the �rst prediction
of GWs by Einstein himself [30]. The detection of gravitational waves has been a long
awaited event1, it is the result of long-lasting e�orts, and contributes to make our epoch a
very exciting one. This discovery is of a fundamental importance not only because it fully
con�rms the current theory of the gravitational interaction -General Relativity (GR)- in
regions which we have never been able to test before, but also because it represents the
�rst of a series of other similar observations which altogether will give us a completely
new view on the universe.

The detection of Gravitational Waves

Two detectors are involved in this discovery, one in Hanford, Washington and the other
at Livingston, Louisiana, in the US. Both these interferometers are part of the LIGO
experiment, and their data, including the mentioned formidable detection, have been
analysed by the joint collaboration of LIGO and Virgo (another interferometer experiment
situated in Italy, soon starting to take data too). In simple terms, an interferometer is a
big experimental set-up with laser and mirrors, where the laser beams travel along two
orthogonal arms and then recombine together. The purpose of the experiment is that
if a gravitational-wave signal passes by the interferometer, then the laser undergoes tiny
deformations that can be noticed when the laser beams recombine. The principle is not
di�erent from similar optical set-ups, but what makes it incredible is the precision that
has to be reached in order to hear a gravitational wave. To give an idea, the inteferometer
has to be so sensitive to measure a variation of distance smaller than an atom over a total
path the size of the distance Earth-Sun!

It takes long time and technological progress and e�orts to reach such sensitivities,
and this is all justi�ed by the quest for gravitational waves. These have been �rst theore-
tically predicted, but what truly convinced scientists to invest their time and energy into
gravitational waves' hunt was the collection of indirect proofs of their existence that we

1The detection event itself has been named GW150914, with obvious referral to the date.
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kept gathering until nowadays. The most notorious one was the observation of a binary
pulsar2 (a couple of rotating neutron stars emitting a beam of electromagnetic radiation)
whose behaviour could only be explained with gravitational wave emission. This discov-
ery in 1974 was worth a Nobel prize to in 1993. Forty years later we observed GW150914,
a binary system of black holes emitting gravitational waves.

Before GW150914 we were able to see the sky only thanks to electromagnetic radiation,
be it light (from our naked eye looking up above on a clear night to the powerful telescopes
of remote observatories), be it other non-visible radiation (caught by huge antennas such
as in radiotelescopes or other devices). Now we can �hear� the universe with a di�erent
tool, interferometers, and this is just like going from old silent �lms to present-day movies:
a whole new pack of information is now available to us. Moreover the �rst detection
of gravitational waves brings along other discoveries relevant on their own, namely the
detected waveforms come from a system of two black holes inspiraling and then merging
together. This is a con�rmation of the existence of black-hole binaries and also the
�rst detection ever of a black-hole merger. Physicists have many good reasons for being
excited.

General Relativity as the theory of Gravity

All these fascinating phenomena, gravitational waves and black holes, stem out of the
theory of General Relativity, which we owe mainly to Einstein's work, and that consti-
tutes the best explanation we currently have experimentally tested for gravity. Without
this theory, we would have not predicted these astrophysical wonders and therefore not
even observed them. Since the �rst experiments by Galilei on free fall, and Newton's
law of universal gravitation explaining Kepler's empirical laws for the motion of planets,
to nowadays satellites and GPS system, we have come a long way. In Einstein's general
relativity picture space and time are not independent, but coupled together into a new en-
tity: spacetime. While with Newtonian gravity the Earth is attracted by the gravitational
force of the Sun, in the new general-relativistic picture the Earth is moving freely, but in a
geometry curved by the mass of the Sun, therefore it is not following a straight-line path,
but rather an elliptic orbit around the Sun. The usual image of spacetime provided by
GR is that of a carpet extending throughout space and time where astrophysical objects
move according to its curvature, its bendings. In this pictorial representation gravitatio-
nal waves are ripples, vibrations of the carpet itself, propagating along spacetime, and
black holes are holes, sinks, engul�ng whatever comes too close to them, beyond the so-
called �event horizon� of the black hole. Even light does not escape from them, therefore
they are black.

However, black holes move and by doing so the spacetime carpet gets wrinkled and
the ripples propagate: moving black holes, or more generally moving masses, generate
gravitational waves in spacetime. We have built speci�c �antennas� -the interferometers-
to feel these waves and we recently succeeded. This would have not been possible if we

2The pulsar is named PSR B1913+16, or more commonly known as the Hulse-Taylor binary pulsar,

from the names of its discoverers. After this pulsar, similar others have been found.
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had not �rst developed predictions and models for the signal to be detected and for the
black holes generating it.

Numerical simulations of the gravitational waves (in red/orange) produced by inspiraling black

holes. The blue and purple curves represent their orbits, while the green arrows their spins.

Simulation credit to C. Henze/NASA Ames Research Center.

The thesis

This thesis is concerned with the study of pairs of compact objects -binary systems- that
can be black holes or other kind of astrophysical objects, such as neutron stars3. In
particular this thesis is devoted to models for the orbit of these objects and to the e�ect
of other parameters, such as the spin (the content of the second part of this dissertation),
in order to make predictions for the emitted gravitational radiation. For instance, a black-
hole binary is a system of two black holes orbiting around each other for very long time
and eventually merging into a unique �nal black hole. This whole process is commonly
called �coalescence�, from Latin coalescere, that is literally joining together. The kind
of coalescence and its behaviour are strictly dependent on the masses of the two black
holes and their spins. The black holes in the binary detected in GW150914 have masses
respectively of 36 and 29 M�, so they have comparable masses4. Whenever the mass

3Neutron stars are the densest and smallest stars known to exist in the Universe and are composed

almost entirely of neutrons; gravitational waves from neutron star systems can help us de�ne better their

inner structure.
4M� = (1.98855± 0.00025)× 1030 kg is the solar mass, the mass of the Sun.
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ratio of the two objects is smaller than 1 in 100000, that is one of the two has a mass
at least 105 times bigger than the other, the binary is an Extreme Mass Ratio binary
(EMR). Usually in order to justify such big masses the only possibility is that the heavier
body is a Supermassive Black Hole, with a mass ∼ 106M�. This distinction between
comparable-mass binaries and EMR binaries is crucial in identifying the time scale of the
phenomena at hand, the frequency of the emitted gravitational waves, and the techniques
that can be employed to describe these systems. Extreme-mass-ratio binaries5 are the
main topic of investigation of this thesis.

Despite these distinctions, the qualitative behaviour of di�erent-mass-ratio binaries is
the same: the �rst, long part consists of the two objects orbiting around each other in
slowly shrinking orbits, in the second part they spiral towards each other. This happens
because during their motion they lose energy through emission of gravitational waves.
After this phase, called inspiral, the two bodies rapidly accelerate their motion, the am-
plitude and frequency of the emitted radiation increases: the two components are merging
-merger phase- and one is left with the end result of the coalescence, a �nal massive ob-
ject. Next comes the ringdown phase where most of the energy has been radiated away
and the system is stabilising into a new-born star, or more commonly a new-born black
hole. For an extreme-mass-ratio binary the center of gravity of this motion is practically
inside the major body, so it is more intuitive to describe everything as the minor body
orbiting around its companion (which can always be done with the appropriate coordinate
system). One sees then that the orbit of the minor body turns from an eccentric one to a
more circular one during the inspiral, until the Last Stable Orbit is reached. Afterwards
the motion is more radial and this stage is commonly referred to as plunge, because the
minor body is like plunging into the other before merging.

As one can already understand from the title of this dissertation, the study of extreme-
mass-ratio binaries has mostly focused on this last stage of the coalescence, after the last
stable orbit, by employing a special kind of orbits developed to this aim, the ballistic

orbits. We named them ballistic because they can be used to represent a body shot
from the black hole towards the outer space, and then coming back to it. With some
mathematical modi�cations they o�er unique features good to describe the last phase of
the EMR binary. This is contained in [19] and chapter 3 of this thesis. A way to address
some problems raised by these orbits by using other clever methods of orbit perturbation
(geodesic deviation's method) is discussed in chapter 4, turning the ballistic orbit into a
very versatile tool for binary coalescences.

Moreover, in the second part of the thesis we introduced a new formalism to treat
the spin, namely the rotation, of the minor body. This is also an old topic in the scien-
ti�c literature dedicated to general relativity, for which di�erent approaches have been
developed, and it is of vital importance to describe the e�ects of spin of the components
of a binary, see [26, 27] or chapter 5 of this thesis. Usual compact objects involved in
binary systems, such as neutron stars or black holes, rotate and therefore have spin. This
a�ects the orbital motion and the gravitational waves emitted by the binary. Therefore
it is important to include the spin into the description of binary coalescences.

5Sometimes people refer to EMRI's, EMR Inspirals, rather than simply EMR binaries, but the inspiral

is only one phase of the coalescence of a binary system, not the whole evolution.
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Image from the GW150914 discovery paper [4]. The panel shows the reconstructed gravitatio-

nal wave together with the corresponding di�erent stages of the black-hole binary coalescence,

represented by the two black shapes.

The future

As we already mentioned, the black holes detected by the gravitational-wave interfero-
meter LIGO have comparable mass, while the ones involved in EMR binaries have a big
mass di�erence. The ground-based interferometers such as LIGO, Virgo, and the coming
ones in Japan and India are not big enough to detect the lower frequencies of gravita-
tional waves emitted by extreme-mass-ratio binaries. We need longer arms, we need less
background noise, therefore we need to go into space. This is the reason why we are
now building a space-based interferometer, made up of three satellites orbiting above the
Earth: eLISA (from evolving LISA, current upgrade of the previous experiment). The
international collaboration supporting this experiment managed so far to send into space
some part of it, the Lisa Path�nder, but the full completion and launch of the mission
is scheduled by 2034. Hopefully by that time we will detect also the extreme-mass-ratio
binaries and other softer gravitational sounds from the universe.

Before that though, we need to study the possible sources of gravitational waves and
get prepared making predictions of the signal. The research contained in this thesis is an-
other step in that direction, and surely more needs to be done. Moreover we can consider
ourselves lucky, because the detections coming from the ground-based interferometers will
provide us more information and help us also with understanding EMR binaries. As we
said, the era of gravitational-wave astronomy has just begun.

The study of binary coalescences, the detection of gravitational waves, and the tech-
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The gravitational wave spectrum. Today we have access only to the far right of the spectrum;

eLISA will provide us information from supermassive black holes and extreme-mass-ratio binaries.

nological advancement are all part of the same scienti�c quest aimed at explaining the
most common of the physical interactions in our everyday life: gravity. It should be
clear by now that GWs were not a casual discovery, one of those serendipitous events
like the discovery of penicillin by A. Fleming, but rather the fruit of decades-long e�orts
and many-people collaboration. This discovery, as the content of this thesis, �t in the
framework of general relativity. It is in this theory that gravitational waves were �rst
predicted. It is with this paradigm of the gravitational interaction that black holes and
compact binaries were born and the quest for experimental con�rmation started. Gen-
eral Relativity, Einstein's creature, has proven once again to be a successful explanation
for the gravitational interaction. Although we know that we need to reconcile it with
quantum mechanics somehow, since there are still many open problems lurking at micro-
scopic scales, maybe we will already learn new fundamental facts with gravitational-wave
astronomy6. After all, beforehand we could only see it, but now we can even hear it: the
universe is out there to be explored.

6For instance the discovery GW150914 already allowed us to put bounds on the mass of the graviton:

we do not know yet if it exists, but suppose it exists, it cannot be heavier than 1.2× 10−22eV/c2 .
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The success of a paradigm -whether Aristotle's

analysis of motion, Ptolemy's computations of

planetary positions, Lavoisier's application of the

balance, or Maxwell's mathematization of the

electromagnetic �eld- is at the start largely a

promise of success discoverable in selected and still

incomplete examples. Normal science consists in the

actualization of that promise, an actualization

achieved by extending the knowledge of those facts

that the paradigm displays as particularly revealing,

by increasing the extent of the match between those

facts and the paradigm's predictions, and by further

articulation of the paradigm itself.

Few people who are not actually practicioners of a

mature science realize how much mop-up work of

this sort a paradigm leaves to be done or quite how

fascinating such work can prove in the execution.

-T.S. Kuhn, The Structure of Scienti�c Revolutions


